We present new predictions for the total cross section of squark pair-production at Tevatron and LHC through next-to-next-to-leading order within the Minimal Supersymmetric Standard Model. The results are based on the numerically dominant soft corrections. They are exact in all logarithmically enhanced terms near threshold, include the Coulomb corrections at two loops and exact scale dependence. We translate the increased total cross section at next-to-next-to-leading order into improved exclusion limits for squark masses and we investigate the scale dependence as well as the sensitivity on the parton luminosity.
Introduction
Supersymmetry offers an attractive way for possible extensions of the Standard Model. Its most popular incarnation for phenomenological studies is the Minimal Supersymmetric Standard Model (MSSM) which features a rather rich spectrum of new (heavy) particles. Active searches are currently being performed at the Tevatron and soon at LHC. Squarks and gluinos as scalar and spin-1/2 supersymmetric partners of quarks and gluons could be pair-produced at a hadron collider at sizable rates (assuming R-parity). So far, the Tevatron (CDF and D0 collaboration [1] [2] [3] ) has been providing lower limits on their masses depending on certain assumptions about the parameter space of the MSSM. At LHC in contrast, one expects for an initial luminosity of about 10 fb −1 and typical values of the MSSM parameters 10 6 (2500) squark pairs for a mass of 300 GeV (1 TeV) [4, 5] . Given these large rates and the dedicated searches performed, it is natural to investigate the accuracy of the available theoretical predictions including quantum corrections.
With squarks (and gluinos) carrying color charge, it is not surprising that Quantum Chromodynamics (QCD) provides the dominant corrections to the production cross section. This fact was realized some time ago and led to the computation of the complete next-to-leading order (NLO) QCD corrections [6] . The upshot is a large increase of the rate in comparison to leading order (LO) QCD predictions along with a reduced scale dependence indicating the improved theoretical uncertainty. The origin of these large higher order QCD corrections in hadro-production of (heavy) colored particles is well known, since it is related to universal QCD dynamics. As a typical pattern so-called Sudakov logarithms show up which originate from soft gluon emission in regions of phase space near the partonic threshold. They depend on the squark velocity β = (1 − 4m 2 q /ŝ) 1/2 and become large for center-of-mass energies √ŝ near the threshold for squark pair-production, s ≃ 4m 2 q . Sudakov logarithms can be organized to all orders of perturbation theory by means of a threshold resummed cross section to a given logarithmic accuracy.
In this letter, we study soft gluon effects for the total cross section of squark hadro-production. We employ Sudakov resummation to generate approximate next-to-next-to-leading order (NNLO) QCD predictions which are accurate in all log(β)-enhanced terms at two loops. Moreover, we include the complete two-loop Coulomb corrections as well as the exact dependence on the renormalization and factorization scale. To that end, we largely follow a similar study for top-quark hadro-production at the Tevatron and the LHC [7, 8] . The importance of Sudakov resummation for the latter reaction has often been emphasized in the literature (see e.g. Ref. [9] ). Squarks are generally believed to be heavier than top quarks, but light enough to be pair-produced at these colliders as well, so that the need for threshold resummation (and the technique) carries over from top-quark pair-production. Recently, the soft gluon resummation for squark and gluino hadro-production has been performed to next-to-leading logarithmic (NLL) accuracy in Ref. [10] , and results compatible with ours were found. See also Refs. [11] [12] [13] for the electroweak contributions to (top)-squark pair-production through NLO.
The letter is organized as follows. We recall the dominant parton channels contributing to the cross section of squark pair-production. Then we discuss the NLO QCD corrections. For the latter, we have determined fits to the exact NLO scaling functions for representative choices of squark and gluino masses (presented in the Appendix). Next, we describe the steps necessary to achieve soft gluon resummation to next-to-next-to-leading logarithmic (NNLL) accuracy where, we focus on the differences with respect to the well-known procedure for top-quarks. This extends the NLL results of Ref. [10] . We employ the resummed cross section to derive new (approximate) NNLO expressions for the scaling functions and analyze the dependence of the hadronic cross section on the scale and on parton distribution functions (PDFs). For the finite order expansion to NNLO, we find good apparent convergence properties and a markedly improved stability of the total cross section with respect to scale variations. We give two examples, how our results translate into new limits on the squark masses.
Setting the stage
We focus on the inclusive hadronic cross section of hadro-production of squark pairs, σ pp→qq * X which is a function of the hadronic center-of-mass energy √ s, the squark mass mq, and the gluino mass mg. In the standard factorization approach of perturbative QCD, it reads
where the parton luminosities L i j are given as convolutions of the PDFs f i/p defined through
whereŝ denotes the partonic center of mass energy. Factorization and renormalization scales µ f and µ r are identified (µ f = µ r ≡ µ). The sum in Eq. (1) runs over all massless parton flavors (n f = 5 for LHC and Tevatron). The hard parton scattering cross sectionσ i j→qq * appearing in Eq. (1) receives at Born level contributions from the channels
where i, j, k and l denote flavor indices. For the calculation of the hadronic cross section (1) in this paper, we always sum over all final state squark flavors allowed by quantum number conservation in proton-(anti)-proton scattering except for top-squarks (stops). The contributing diagrams are displayed in Fig. 1 . While the gluon fusion process (3) always leads to like flavor squark pairs (k = l) and identical chiralities (see e.g. Ref. [6] for details on the quantum numbers), ainitial state leads to a more interesting flavor structure of the final state squark pair. For the qq-scattering process (4) we have final states with the same flavor structure if the flavors of the initial state are different (i = j ⇒ i = k ∧ j = l) due to a gluino exchange in the t-channel. Likewise, if the initial flavors are equal (i = j), then the final flavors may be different from the initial flavors, but the flavors of theqq * -pair are equal due to a gluon exchange in the s-channel (i = j ⇒ k = l). Moreover, if we keep the squark chirality as a second quantum number, we encounter a richer structure and much of the discussion (including soft corrections) carries over. For the subsequent study of NLO and approximate NNLO perturbative QCD, we restrict ourselves to cross sections summed over all possible final squark flavors and chiralities (L, R). The complete list of Born cross sections for different flavors and chiralities for the process (4) is presented in the Appendix. In the following, we focus on the total partonic Born cross sectionsσ B where all flavors and chiralities are summed over, using the conditions i = j or i = j (see e.g. Ref. [6] ),
with the strong coupling constant α s and the squark-gluino Yukawa couplingα s identical to α s as required by supersymmetry (see the discussion below). Moreover, we have abbreviated
where β = (1 − 4m 2 q /ŝ) 1/2 is the squark velocity. For the studies of higher order QCD corrections, the partonic cross section can be expressed in terms of scaling functions f i j . For gluon fusion, we definê
and, likewise, for qq-scattering f
with additional dependence on the gluino mass mg, see Eq. (6). Here η =ŝ/(4m 2 q ) − 1 is a measure for the distance to the production threshold atŝ = 4m 2 q . The NLO QCD corrections are known [6] although they are not available in analytical form (unlike the case of top-quark hadro-production [14] ). Instead in Ref. [15] , the authors present a numerical program called PROSPINO to calculate the complete hadronic cross section at NLO. We have used this program to extract values for the scaling functions f (10) gg , f (10), and f (10) q iq j (all terms proportional to log(µ 2 /m 2 q ) will be discussed below). Subsequently, we have determined fits of these functions to per mille accuracy based on the following ansatz,
The threshold logarithms log(β) as well as the Coulomb corrections (∼ 1/β) are kept exactly [6] ,
holds (see Tab. 3) and these fits allow for an easy handling of the NLO QCD corrections in phenomenological applications.
The log(β) terms appearing in Eqs. (9) and (10) can be resummed systematically to all orders in perturbation theory employing the well established techniques (see e.g. Refs. [16] [17] [18] ). The resummation typically proceeds in Mellin space after introducing moments N with respect to the
For scattering reactions with non-trivial color exchange, one has to choose a suitable color basis for the total cross-section. It is convenient to select a decomposition according to color-singlet and color-octet final states,σ
At Born level, we find the singlet component to be explicitly given bŷ
and the octet termsσ i j, 8 can be easily derived from Eqs. (5) and (6) . The resummed cross sections (defined in the MS-scheme), for the individual color structures of the scattering process are then obtained as single exponentials in Mellin-space,
where all dependence on the renormalization and factorization scale µ r and µ f is suppressed and the respective Born term is denotedσ B i j, I . The exponent G i j, I contains all large Sudakov logarithms log k N and the resummed cross section (15) is accurate up to terms which vanish as a power for large Mellin-N. To NNLL accuracy, G i j, I is commonly written as
where λ = β 0 log N α s /(4π). The functions g k i j for the singlet and octet color structures are explicitly given in Ref. [7] and can be taken over from the case of top-quark hadro-production (see also Ref. [10] for the results to NLL accuracy). All g k i j , k = 0, ..., 3 depend on a number of anomalous dimensions, i.e. the well-known cusp anomalous dimension A, the functions D and Dcontrolling soft emission, and the coefficients of the QCD β-function. At higher orders their precise expressions also depend on the chosen renormalization scheme, thus on the dynamical degrees of freedom. At the center-of-mass energies of Tevatron and LHC and for the mass ranges currently considered in MSSM phenomenology mq, mg ≃ O (200 GeV − 1 TeV), a scheme is appropriate which decouples all heavy particles (top-quark, squarks, gluino). Thus, we are left with the Standard Model β-function coefficients β 0 = 11 − (2/3)n f and β 1 = 102 − (38/3)n f and the same expressions for the anomalous dimension A, D and Das in the case of top-quark hadroproduction (see Ref. [7] ). Our scheme choice is in line with the exact NLO QCD calculation [6] to facilitate matching (see below). Throughout the paper, mq and mg denote pole masses.
Having Eq. (15) and all quantities necessary for its explicit evaluation at our disposal, we use the resummed cross section as a generating functional for the threshold approximation to the yet unknown NNLO QCD corrections, i.e. the inclusive partonic scaling functions f (20) i j in Eq. (8) . Substituting all numerical values and setting n f = 5, we obtain in the MS-scheme the approximate NNLO results, 
where the coefficients of the log 4 β-terms are exact and the constants a 1 from the NLO matching are given in Tab. 3, respectively Eq. (A.14). In the derivation we have used the linearization of the Born functions,
For our phenomenological studies though, we have always substituted the full Born result for f (00) i j in Eqs. (17)- (18) . A few comments on Eqs. (17)- (18) are in order here. The results are accurate to all powers in log(β) at two loops. This has been achieved by consistent matching of the resummed cross section to the exact NLO result. To that end, we have used our fits (9) and (10), specifically the constants a 1 of Eq. (A.12) as given in Tab. 3. These constants enter in the coefficients of log 2 (β) and log(β) in Eqs. (17)- (18), i.e. the quadratic and linear logarithm, so that the first two terms become (−1309.5423, 3523.9200) in Eq. (17) . Likewise for a representative choice of squark and gluino masses mq = 400 GeV and mg = 500 GeV, we find the first two terms of log 2 (β) and log(β) to combine into (567.40606, 932.92034), if the quarks in the initial state have identical flavors, and into (450.41183, 923.62614) in Eq. (18), if the quarks in the initial state have different flavors, see also Eqs. (20) and (A.14). Strictly speaking, for the NLO matching separate constants are required for the singlet and octet color structures at NLO and for this reason the exact numerical coefficient of the term linear in log β will differ slightly. However, experience from studies for topquark hadro-production shows this effect to be marginal [14] and well covered within our quoted overall uncertainty for the threshold approximation. On top of the threshold logarithms we have also added in Eqs. (17)-(18) the complete two-loop Coulomb corrections (as summarized e.g. in Ref. [7] ). Finally, we comment on the presence of the squark-gluino Yukawa couplingα s , which is identified with the strong coupling constant α s as required by supersymmetry. In the MS-scheme this is achieved by a (finite) renormalization, which is correctly implemented at one-loop level by our matching procedure at NLO. At the two-loop level, the additional renormalization ofα s would only affect the constant terms C (2)and C (2) q iq j in Eq. (18). Since we have no control over these constants, we set all two-loop constants C (2) i j to zero in our phenomenological studies.
At this stage, it only remains to discuss those terms in Eq. (8) which describe scale dependence, i.e. the terms proportional to log(µ 2 /m 2 q ). Through NNLO, it concerns f
and f (22) q iq j which are entirely determined by renormalization group arguments (see. e.g. Refs. [19, 20] ). They can be constructed with the help of lower order results, that is the scaling functions f (00) q iq j and f (10) q iq j and the splitting functions P i j . The latter quantities govern the PDF evolution. They can be expanded as
and explicit expressions for the P (k) i j can be found in Refs. [21, 22] . Following Refs. [19, 20] , we can calculate the scale dependence of the partonic cross section. Again, we have identified renormalization and factorization scale µ r = µ f = µ. However, the factorization scale dependence can easily be recovered by re-expansion of α s (µ f ) in terms of α s (µ r ). This yields the following result
where ⊗ denotes the standard Mellin convolution, i.e. ordinary products in Mellin space under transformation (11) . The summation over repeated indices for admissible parton contributions is implied, although for phenomenological applications we restrict ourselves in Eqs. (23) and (24) to the (numerically dominant) diagonal parton channels at two loops. Note, that the scale dependent two-loop contributions are exact at all energies also away from threshold. In this context, we remark that the usual definition of the splitting function P qg (see e.g. Refs. [21, 22] ) needs to be divided with a factor 2n f , because the standard definition implicitly contains a sum over all flavors. One other comment concerns the two-loop splitting function Pin Eq. (23) . Obviously, only the flavor non-singlet splitting function P= P + ns enters the convolution (23) for the flavor non-singlet scaling function f (21) q iq j because flavor number is conserved. Likewise for the flavor singlet case f (21), the flavor singlet splitting function P= P + ns + P ps (i.e. the sum of non-singlet and pure-singlet) contributes. Finally, f (00) q iq j depends only on the ratio of the gluino and squark mass r q = mg/mq. Therefore through Eqs. (22) and (24), the scaling functions f (11) q iq j and f (22) q iq j depend only on this ratio.
Numerical Results
Let us start to illustrate the phenomenological consequences. In our numerical illustration we assume throughout this paper for the gluino mass the relation mg = 1.25mq. Here our choice of parameters mq = 400 GeV and mg = 500 GeV as a reference point has been influenced by the current limits from direct searches. Thus far, lower limits on mq and mg are provided by Tevatron (CDF and D0 collaboration [1] [2] [3] ) and an absolute lower limit of 379 GeV and 308 GeV, respectively, for the masses of squarks and the gluino in the mSUGRA framework (A 0 = 0, µ < 0, tan β = 3) has been quoted. Moreover, the non-stop-squarks are expected to be in a narrow mass range, because the Standard Model quarks are (nearly) massless and, in this case, nearly mass-degenerate squarks are a property of mSUGRA. In the mSUGRA framework, thet 1 is lighter and thet 2 heavier than the other squarks and a typical particle spectrum can be found in Ref. [23] . As announced already above, we have excluded stop quarks from our considerations here. Currently, the NLO QCD corrections to stop production are known [24] (see e.g. Ref. [25] for a search for the lightest stop t 1 ). f gg (10) f gg (11) (a) f gg (20) , NNLL f gg (21) , exact f gg (22) , exact ( f gg (10) f gg (20) (c) Let us next investigate the consequences for the hadronic cross section (1) for squark pairproduction at LHC and Tevatron. The necessary convolution of the parton scaling functions with the parton luminosity (2) emphasizes the threshold region of phase space. The parton luminosity L i j is steeply falling with increasing energies. Consequently, the total hadronic cross section is effectively saturated from partonic processes close to threshold with the kinematics being very similar to the case of top-quark hadro-production [7] . As an upshot, one can conclude, that our approximate NNLO result captures the numerically dominant part of the complete (yet unknown) NNLO corrections. Eqs. (17)- (18) should thus represent a very reliable estimate.
In Fig. 4 , we present the total cross section at the LHC as a function of the squark mass mq. We use the PDF set CTEQ6.6 [26] , if not stated otherwise. In the left figure, we show the LO and NLO QCD predictions for the cross sections along with their error bands due to the scale uncertainty for scale choices x ≡ µ/mq = 2 and x = 1/2. In Fig. 4 on the right, we show the same comparison for the LO and NNLO prediction. While the error band of the LO cross section is quite large (due to the scale uncertainty of the strong coupling constant α s and the PDFs) it shrinks when considering the NLO QCD prediction. For the cross section at NNLO accuracy, we apply our newly derived scaling functions f (20) i j , f (21) i j and f (22) i j of the previous Section and observe how the error band contracts to a thin line. This proves the significant reduction in scale uncertainty at this order of perturbation theory. Numbers for the hadronic cross section for different squark masses and scales are listed in Tab. 1. The NLO cross section increases by about 50% compared to the LO cross section, and likewise, the approximate NNLO cross section by about 9% compared to the NLO result. The latter value, i.e. 9%, is to be contrasted with the rather small K-factor for the NLL resummed cross section reported in Ref. [10] of about 1 − 2% in the range mq = 200-1000 GeV. As a direct phenomenological consequence we can translate our result into shifts of the exclusion limits for the squark masses for one example. For instance, a cross section of 30 pb corresponds at LO, NLO, and NNLO to a squark mass of about 397 GeV, 430 GeV, and 437 GeV, respectively.
In Fig. 5 , we present the same plot for the total cross section of pp →qq * at the Tevatron. Here, the cross section is more than two orders of magnitude smaller than at LHC due to the lower center-of-mass energy of Tevatron. Again, we observe improved stability of the perturbative predictions with respect to the scale variation. In Tab. 2, we give explicit values for the cross section and the NNLO result implies new exclusion limits. For example for a cross section of 60 fb one comes up with a squark mass of about 370 GeV, 391 GeV and 396 GeV at LO, NLO, and NNLO, respectively.
In Fig. 6 , we show the contributions of the different parton channels (3) and (4) to the total cross section. At the LHC, the contribution of the gluon channel is dominant only up to a squark mass of about 370 GeV. The ratio of the two channels, σ(→qq * )/σ(gg →qq * ), changes from 45%/55% for mq = 300 GeV to 67%/33% for mq = 800 GeV. This is not what one naively expects from a pp-collider. The reason for this behavior is the summation over all possible initial quark flavors and final squark flavors and chiralities. The gluon channel has only 10 contributing subprocesses, the quark channel however 140 subprocesses. At the Tevatron, the gluon channel is nearly negligible as one can see from Fig. 6(b) and the large number of contributing subprocesses in the quark channel is additionally enhanced by the large qq-luminosity. The ratio of the two channels increases from 93%/7% for mq = 200 GeV to 98.5%/1.5% for mq = 500 GeV.
In order to illustrate the improved theoretical prediction due to the reduced scale dependence, we show in Fig. 7(a) the LO, NLO, and NNLO predictions for the cross section at LHC with √ s = 14 TeV. One observes a decreasing dependence on µ with increasing order of perturbation theory. Within the commonly chosen scale interval x = 0.5 . . . 2, the LO, NLO, and NLO cross section varies between 37 pb and 23 pb, 45 pb and 40 pb, and 44 pb and 47 pb, respectively (see Tab. 1). This amounts to a residual theoretical uncertainty of only ±3% for our approximate NNLO prediction and improves the value for the resummed cross section to NLL accuracy of about ±10% quoted in Ref. [10] .
The presently discussed schedule for the initial phase of LHC includes operation at a centerof-mass energy lower than 14 TeV, a value of 10 TeV has often been quoted. For this reason, it is interesting to study the energy dependence of the cross section. In Fig. 7(b) we display our new approximate NNLO result as a function of the center-of-mass energy. We observe, for instance, at 10 TeV a cross section of about 19 pb for our reference point (mq = 400 GeV and mg = 500 GeV) compared to 47 pb for the design energy of 14 TeV. The final point of interest is the sensitivity to the parton luminosity and the associated uncertainty. In Fig. 8 , we show the NNLO cross section for squark pair-production together with the error band due to the PDF uncertainties. We used two sets of PDFs: CTEQ6.6 (left figure, [26] ) and MRST2006nnlo (right figure, [27] ). The PDF uncertainty has been calculated accordingly to Ref. [26] . At higher squark masses, the error on the cross section is significantly increased because the relevant phase space probes the gluon luminosity in the high-x region where the gluon PDF has a large uncertainty. The relative error increases from ±3.5% at mq = 300 GeV to ±9% at mq = 800 GeV. Note that the quoted error for the MRST2006nnlo PDF set is significantly smaller and MRST2006nnlo [27] (right figure). Table 1 : Numerical values for the squark pair-production cross section at LHC with √ s = 14 TeV and the CTEQ6.6 PDF set [26] . The QCD predictions are given at LO, NLO, and NNLO accuracy and for different squark masses and scales x = µ/mq. than for the CTEQ6.6 set. Its error increases from ±1.5% to ±4% for squark masses ranging form 300 GeV to 800 GeV.
Conclusion and Summary
In this letter we have investigated the effect of higher order soft corrections on the total cross section for hadronic squark pair-production. These radiative corrections make up numerically for a large part of the higher order QCD effects. Starting from the existing NLO calculation we provide for the ease-of-use the NLO scaling functions f (10) i j in the form of parameterizations which are accurate at the per mille level. Subsequently we have employed well established techniques for soft gluon resummation to derive new approximate NNLO results. Our two-loop expressions for the scaling functions f (20) i j are exact in all logarithmically enhanced terms near threshold and they include the Coulomb corrections. All two-loop scaling functions f (21) i j and f (22) the scale dependence have been computed exactly using renormalization group arguments. For Tevatron and LHC, our approximate NNLO cross section leads to a cross section increase of 9% compared to the NLO predictions, which translates into higher exclusion limits for squark masses. Moreover, with our approximate NNLO result we have found significantly improved stability with respect to variation of the renormalization and factorization scale (keeping µ r = µ f ). This leads to a residual theoretical uncertainty of 3% plus a (largely uncorrelated) error due to the parton luminosity depending on the particular PDF set.
As a possible extension as far as the study of QCD corrections is concerned we would like to mention bound-state effects for squark pair-production at hadron colliders, which depend on the particular color and angular momentum quantum numbers of theqq * -pair. This would allow the resummation of the Coulomb corrections to all orders. From similar recent work for top-quark pairs [28, 29] we would expect a shift of the total cross section by O (1%) due to these bound state corrections.
The same processes are possible if one replaces the chirality index R with L and vice versa. The process (A.1) proceeds via gluon exchange in the s-channel and gluino exchange in the t-channel, the process (A.3) only via gluon exchange, and the processes (A.2), (A.4), and (A.5) only via gluino exchange. The corresponding Born cross sections are given bŷ We have parameterized the numerical result of PROSPINO [15] for the NLO scaling functions in f (10) gg , f (10), and f (10) q iq j by a fit (accurate at the per mille level), where the fit function h(β) in Eqs. (9) and (10) and z is defined as
We present the coefficients of h(β) in Tab. 3. For our choice of squark and gluino masses, mq = 400 GeV and mg = 500 GeV, the fit is accurate at the per mille level. However, the squark mass dependence of the coefficients a i is weak, so that for the ratio mg = 1.25mq, the fit may even be used in the whole range mq = 200 GeV . . . 1 TeV with a an error of less than 1%, the maximum error being 0.7% at the lowest values of mq. Table 3 : Coefficients for the fit functions (9), (10) and (A.12) for mq = 400 GeV and mg = 500 GeV.
Note that the values for the constant a 1 for quark-anti-quark scattering in Tab. 3 can also be used for other ratios of r q = mg/mq to very good accuracy because of the weak squark mass dependence at NLO. Since a 1 = a 1 (r q ), we can be extract from Tab. 3 for the value of a 1 at r q = 1.25: a 1 (r q ) = 1681 400 r 2 q (1 + r 2 q ) 2 a 1 (r q = 1.25) .
(A.14)
This is due to lim β→0 h(β)/β = a 1 and Eq. (20) .
